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In this paper we prove that a dual Hankel operator is zero if and only if its symbol is
orthogonal to the Dirichlet space in the Sobolev space, and characterize the symbols for
(semi-)commuting dual Toeplitz operators on the orthogonal complement of the Dirichlet
space in Sobolev space.
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1. Introduction
Let D be the open unit disk in the complex plane C and let dA denote the Lebesgue measure on D , normalized so that
the measure of D equals 1. The Sobolev space W 1,2 consists of those functions u with weak derivatives in D , for which the
norm
‖u‖ =
(∣∣∣∣
∫
D
u dA
∣∣∣∣
2
+
∫
D
(∣∣∣∣∂u∂z
∣∣∣∣
2
+
∣∣∣∣∂u∂ z¯
∣∣∣∣
2)
dA
) 1
2
< ∞.
The space W 1,2 is a Hilbert space with inner product
〈u, v〉 =
∫
D
u dA
∫
D
v¯ dA +
〈
∂u
∂z
,
∂v
∂z
〉
2
+
〈
∂u
∂ z¯
,
∂v
∂ z¯
〉
2
,
where the symbol 〈·,·〉2 represents the inner product in the Hilbert space L2(D,dA). The Dirichlet space D is the closed
subspace of W 1,2 consisting of all analytic functions vanishing at 0. Then the Dirichlet space D is a Hilbert space with inner
product
〈h, g〉 = 〈h′, g′〉2.
For an analytic function h, since ∂h
∂ z¯ = 0, throughout this paper we will write h′ for ∂h∂z . Each point evaluation in D is easily
veriﬁed to be a bounded linear functional on D. Hence, for each w ∈ D , there exists a unique function Kw ∈D which has
the following reproducing property
h(w) = 〈h, Kw〉
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T. Yu / J. Math. Anal. Appl. 357 (2009) 300–306 301for every h ∈D. It is known that the reproducing kernel function Kw is given by
Kw(z) = − log(1− zw¯) =
∞∑
k=1
zk w¯k
k
.
Let P denote the orthogonal projection from W 1,2 onto D. Using the explicit formula for Kw , one can see that P can be
represented by the integral formula
P (u)(w) = 〈u, Kw 〉 =
∫
D
∂u
∂z
K ′w(z)dA(z), u ∈ W 1,2.
Let Q denote the orthogonal projection from W 1,2 onto D⊥ , the orthogonal complement of D in W 1,2.
Deﬁne
W 1,∞ =
{
u ∈ W 1,2: u, ∂u
∂z
,
∂u
∂ z¯
∈ L∞(D)
}
,
where L∞(D) is the space of essentially bounded measurable functions on D . The norm in W 1,∞ is deﬁned by ‖u‖1,∞ =
max{‖u‖∞,‖ ∂u∂z ‖∞,‖ ∂u∂ z¯ ‖∞}.
Given a function φ ∈ W 1,∞ , the Toeplitz operator Tφ(D → D), the Hankel operator Hφ(D → D⊥), the dual Toeplitz
operator Sφ(D⊥ →D⊥) and the dual Hankel operator Rφ(D⊥ →D) with symbol φ are deﬁned respectively by
Tφ(h) = P (φh), h ∈D,
Hφ(h) = Q (φh), h ∈D,
Sφ(u) = Q (φu), u ∈D⊥,
Rφ(u) = P (φu), u ∈D⊥.
They are all bounded linear operators [11], and satisfy the following relations:
Rφψ = TφRψ + Rφ Sψ, (1)
Hφψ = HφTψ + SφHψ, (2)
Sφψ = HφRψ + Sφ Sψ . (3)
Last decades many mathematicians have paid much attention to Hankel operators and Toeplitz operators [5,6,9,10]. The
formulas (1)–(3) show close relationships among the above four kind of operators. So it is reasonable to focus on the dual
Toeplitz operators and the dual Hankel operators.
In the Bergman space setting the operator at the location of Rφ is H ∗¯φ . It is clear that the operator H φ¯ = 0 if and only if
φ¯ is analytic. However it is not the case for the operator Rφ ; actually, we have the following result.
Theorem 1. Suppose that φ ∈ W 1,∞ , then Rφ = 0 if and only if φ ∈D⊥ .
In this note, we also investigate the dual Toeplitz operators on the orthogonal complement of the Dirichlet space. The
general problem that we are interested in is the following: What is the relationship between their symbols when two dual
Toeplitz operators commute? For Toeplitz operators, in the case of the classical Hardy space, Brown and Halmos [4] showed
that two Toeplitz operators with general bounded symbols commute if and only if either both symbols are analytic, or both
symbols are conjugate analytic, or a nontrivial linear combination of the symbols is constant. On the Bergman space of
the unit disk, Axler and C˘uc˘kovic˘ [3] characterized commuting Toeplitz operators with harmonic symbols. On the Dirichlet
space, Lee in [6] studied the commutativity of two Toeplitz operators with harmonic symbols.
In the setting of dual Toeplitz operator, Stroethoff and Zheng [8] characterized commutativity result for general sym-
bols on the Bergman space, and their results are similar to those in [4]. Lu [7] studied commuting dual Toeplitz operators
with bounded pluriharmonic symbols on the unit ball. Wu and the author [11,12] studied commuting dual Toeplitz op-
erators with harmonic symbols on the orthogonal complement of the Dirichlet space. In this paper we investigate the
(semi-)commutativity of the dual Toeplitz operators on D⊥ , and show that the results are not the same as that in the
Bergman space setting. The main results are the following.
Theorem 2. Suppose that φ,ψ ∈ W 1,∞ , then Sφ Sψ = Sψ Sφ if and only if one of the following statements holds:
(i) Both φ and ψ are analytic in D;
(ii) Both φ and ψ are inD⊥;
(iii) A nontrivial linear combination of φ and ψ is constant in D.
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(i) φ is analytic in D;
(ii) ψ is inD⊥ .
2. The proof of Theorem 1
It is well known that every element in the Sobolev space can be approximated by smooth functions. Moreover, a slightly
stronger result holds.
Lemma 1. The set of all polynomials in z and z¯ is dense in the Sobolev space W 1,2 .
Proof. For convenience, let us discuss it in the case of real variables. For u ∈ W 1,2, since ∂u
∂z = 12 ( ∂u∂x − i ∂u∂ y ) and ∂u∂ z¯ =
1
2 (
∂u
∂x + i ∂u∂ y ), one can see that the norm of u is equivalent to the following norm
‖u‖r =
(∣∣∣∣ 1π
∫
D
u dxdy
∣∣∣∣
2
+ 1
π
∫
D
(∣∣∣∣∂u∂x
∣∣∣∣
2
+
∣∣∣∣ ∂u∂ y
∣∣∣∣
2)
dxdy
) 1
2
.
A smooth function on R2, by restricting on D , can also be regarded as an element of W 1,2. For any f ∈ W 1,2 and  > 0,
by [1, Theorem 3.18] there exists a smooth function u ∈ C∞0 (R2) such that ‖ f − u‖ <  . Choose a constant R  1 such that
the support set of u is contained in the square K = {(x, y): |x|  R and |y|  R}. Then the support set of ∂2u
∂x∂ y is also
contained in K . Let p be a polynomial such that |p(x, y) − ∂2u
∂x∂ y (x, y)| /4R2 for all x, y ∈ K , and let
p1(x, y) =
x∫
−R
p(t, y)dt and p2(x, y) =
y∫
−R
p(x, t)dt.
Then it is easy to see that
∣∣∣∣p1(x, y) − ∂u∂ y (x, y)
∣∣∣∣
x∫
−R
∣∣∣∣p(t, y) − ∂
2u
∂x∂ y
(t, y)
∣∣∣∣dt  2R
for all x, y ∈ K . Similarly, |p2(x, y) − ∂u∂x (x, y)| /2R .
Let q denote the polynomial
∫ y
−R p1(x, t)dt , which clearly equals
∫ x
−R p2(t, y)dt . Similar to the above one can see that∣∣q(x, y) − u(x, y)∣∣< 
for all x, y ∈ K . Thus we have ‖q − u‖r < 2 and the lemma follows. 
Lemma 2. For two nonnegative integers m and n, P (z¯mzn) = 0 if m n, and P (z¯mzn) = zn−m if m < n.
Proof. By (1) we have
P
(
z¯mzn
)
(z) =
∫
D
∂(wnw¯m)
∂w
K ′z(w)dA(w) =
∫
D
nwn−1 w¯m
∞∑
k=1
w¯k−1zk dA(w).
A simple calculation shows that
∫
D w¯
mwn dA(w) equals 1n+1 when m = n and vanishes otherwise. So∫
D
nwn−1 w¯m
∞∑
k=1
w¯k−1zk dA(w) =
{
zn−m, m < n,
0, m n.
This completes the proof. 
Proof of Theorem1. The necessity is obvious. Now suppose that φ ∈D⊥ . Since Rφ is bounded on D⊥ , by Lemma 1 it suﬃces
to prove that Rφ(p) = 0 for all polynomials p ∈D⊥ . Since Rφ(p) = P (φp) = Rp(φ), it suﬃces to prove that P (pq) = 0 for
all polynomials p,q ∈D⊥ .
Let p(z, z¯) =∑k,l0 ak,l zk z¯l be a polynomial. Rewrite p as
p(z, z¯) =
∑∑
al+ j,l zl+ j z¯l +
∑
ak,l z
k z¯l.
j1 l0 kl
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P (p) =
∑
j1
∑
l0
al+ j,l z j .
Hence the polynomial p is in D⊥ if and only if ∑l0 al+ j,l = 0 for any j  1. Let
q(z, z¯) =
∑
i1
∑
n0
bn+i,nzn+i z¯n +
∑
mn
bm,nz
mz¯n ∈D⊥,
then
∑
n0 bn+i,n = 0 for any i  1. Thus, to prove the theorem, it suﬃces to prove that P (pq) = 0 for all polynomials
p,q ∈D⊥ of the form ∑l0 al+ j,l zl+ j z¯l or zk z¯l .
First, let p =∑l0 al+ j,l zl+ j z¯l and q =∑n0 bn+i,nzn+i z¯n , with ∑l0 al+ j,l = 0 and ∑n0 bn+i,n = 0. Then, by Lemma 2,
P (pq) = P
( ∑
l,n0
al+ j,lbn+i,nzl+n+ j+i z¯l+n
)
=
∑
l,n0
al+ j,lbn+i,nz j+i
=
∑
l0
al+ j,l
∑
n0
bn+i,nz j+i
= 0.
Similarly, we can see that P (pq) = 0 for p =∑l0 al+ j,l zl+ j z¯l with ∑l0 al+ j,l = 0 and q = zmz¯n with m n, or p = zmz¯n
with m n and q = zk z¯l with k l. The proof is complete. 
3. The proofs of Theorems 2 and 3
For h, g ∈D, the rank one operator h ⊗ g is deﬁned by (h ⊗ g)( f ) = 〈 f , g〉h, for f ∈D. It is well known that the norm
of h ⊗ g is ‖h‖‖g‖ and A(h ⊗ g)B = (Ah) ⊗ (B∗g) for any bounded linear operators A and B on D.
Lemma 3. On the Dirichlet spaceD, the operator I − TzT z¯ is of rank 1 and equals z ⊗ z, where z denotes the identity function on D.
The proof of Lemma 3 can be found in [11].
For w ∈ D , the Möbius transformation ϕw on D is deﬁned by
ϕw(z) = w − z
1− w¯z , z ∈ D.
It is well known that ϕw ◦ ϕw(z) = z, ϕw(0) = w and ϕw(w) = 0.
For w ∈ D , deﬁne an operator Uw on D by
Uw(h) = h(w) − h ◦ ϕw , h ∈D.
Lemma 4. For w ∈ D, the operator Uw is self-adjoint and unitary onD.
Proof. For h ∈D, we have
∥∥Uw(h)∥∥2 = 〈(Uw(h))′, (Uw(h))′〉2
=
∫
D
∣∣(h ◦ ϕw)′∣∣2 dA
=
∫
D
|h′ ◦ ϕw |2
∣∣ϕ′w ∣∣2 dA
=
∫
D
|h′|2 dA
= ‖h‖2.
So Uw is an isometry on D. By deﬁnition,
U2w(h) = Uw
(
h(w) − h ◦ ϕw
)= h(w) − h(0) − (h(w) − h)= h,
that is, U2w = I . Therefore Uw is self-adjoint and unitary. 
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Proof. Since φ is conjugate analytic, so is φ ◦ ϕw . For all h, g ∈D, we have, by Lemma 4,
〈UwTφUwh, g〉 = 〈φUwh,Uw g〉
=
∫
D
φ(h ◦ ϕw)′(g ◦ ϕw)′ dA
=
∫
D
φ · h′ ◦ ϕw g′ ◦ ϕw
∣∣ϕ′w ∣∣2 dA
=
∫
D
φ ◦ ϕw · h′g′ dA
= 〈φ ◦ ϕwh, g〉.
Thus UwTφUw = Tφ◦ϕw . 
Lemma 6. Suppose that φ ∈ W 1,∞ is analytic on D and w ∈ D. Then UwTφUw = Tφ◦ϕw + Uw(φ) ⊗ Kw .
Proof. Since φ is analytic, we have, for h ∈D,
UwTφUw(h) = Uw
(
φ
(
h(w) − h ◦ ϕw
))
= φ(w)(h(w) − h(0))− φ ◦ ϕw · (h(w) − h)
= φ ◦ ϕw · h +
(
φ(w) − φ ◦ ϕw
)
h(w)
= Tφ◦ϕw (h) +
(
Uw(φ) ⊗ Kw
)
(h).
So UwTφUw = Tφ◦ϕw + Uw(φ) ⊗ Kw , and this completes the proof. 
Let τw denote the function Uw(z) = w − ϕw for w ∈ D .
Lemma 7. On the Dirichlet spaceD, τw ⊗ Kw = w − wTϕw T ϕ¯w for all w ∈ D.
Proof. By Lemma 3, z ⊗ z = I − TzT z¯ . By Lemmas 4–6, we have
τw ⊗ τw = Uw(z ⊗ z)Uw
= 1− UwTzT z¯Uw
= 1− UwTzUwUwT z¯Uw
= 1− Tϕw T ϕ¯w − (τw ⊗ Kw)T ϕ¯w .
Then
w − wTϕw T ϕ¯w = τw ⊗
(
w¯τw + w¯T ∗¯ϕw Kw
)
. (4)
Now we calculate w¯T ∗¯ϕw Kw . For h ∈D, we have〈
w¯T ∗¯ϕw Kw ,h
〉= 〈w¯Kw , ϕ¯wh〉 = 〈w¯K ′w , ϕ¯wh′〉2 = 〈w¯ϕw K ′w ,h′〉2.
Note that Kw − w¯τw ∈D, and
(Kw − w¯τw)′ = w¯
1− w¯z −
w¯(1− |w|2)
(1− w¯z)2 =
(
1− 1− |w|
2
1− w¯z
)
w¯
1− w¯z = w¯ϕw K
′
w .
So 〈w¯ϕw K ′w ,h′〉2 = 〈Kw − w¯τw ,h〉, and this implies that w¯T ∗¯ϕw Kw = Kw − w¯τw . Hence by (4) we get the desired result. 
Proof of Theorem 2. From (3) it follows that
Sφ Sψ − Sψ Sφ = Hψ Rφ − HφRψ . (5)
Since Hφ = 0 for any analytic φ ∈ W 1,∞(D), and Rψ = 0 for any φ ∈D⊥ by Theorem 1, the suﬃciency part is clear.
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have
Hψ Rφ = HφRψ . (6)
By (2) and (3), it is easy to see that
Hψ Tφ = SφHψ and T φ¯Rψ = Rψ S φ¯ ,
for any analytic function φ. So from Lemma 7 it follows that
Hψ(τw ⊗ Kw)Rφ = wHψ Rφ − wHψ Tϕw T ϕ¯w Rφ = wHψ Rφ − wSϕw Hψ Rφ Sϕ¯w . (7)
Similarly, Hφ(τw ⊗ Kw)Rψ = wHφRψ − wSϕw HφRψ Sϕ¯w . Thus by (6), we have Hψ(τw ⊗ Kw)Rφ = Hφ(τw ⊗ Kw)Rψ , and
hence
(
Hψ(τw)
)⊗ (R∗φ(Kw))= (Hφ(τw))⊗ (R∗ψ(Kw)). (8)
Case 1. Assume there exists some subset E of D which has a cluster point in D such that Hψ(τw) = 0 for all w ∈ E . Then
(1 − P )(ψτw) = 0 and so ψτw is analytic. Thus ∂∂ z¯ (ψτw) = ∂ψ∂ z¯ τw = 0. Hence ∂ψ∂ z¯ = 0 for z = 0. Since ψ is bounded, ψ is
analytic in D .
The equality (8) implies Hφ(τw) = 0 for some w ∈ E or R∗ψ(Kw) = 0 for all w ∈ E . If Hφ(τw) = 0 for some w ∈ E , then
φ is analytic as above, and the condition (i) holds. If R∗ψ(Kw) = 0 for all w ∈ E , then, since the linear span of {Kw : w ∈ E}
is dense in D, R∗ψ = 0, and so Rψ = 0. From Theorem 1 it follows that ψ ∈D⊥ . Thus ψ is a constant and (iii) holds.
Case 2. Assume there exists some subset E of D which has a cluster point in D such that R∗φ(Kw) = 0 for all w ∈ E . As
above we have φ ∈D⊥ . Thus as in Case 1 we have either φ is analytic or ψ ∈D⊥ , so the condition (iii) or (ii) holds.
Case 3. Now there exists an open subset E of D such that Hψ(τw) = 0 and R∗φ(Kw) = 0. By (8), for any w ∈ E there exists
a constant λw such that
Hψ(τw) = λwHφ(τw) and λw R∗φ(Kw) = R∗ψ(Kw).
Thus Hψ−λwφ(τw) = 0 and R∗ψ−λwφ(Kw) = 0. Then ψ −λwφ is analytic for all w ∈ E . If φ is analytic, then ψ is also analytic
and so (i) holds. If φ is not analytic, then λw is independent of w , denoted by λ. Now that R∗ψ−λφ(Kw) = 0 for w ∈ E
implies ψ − λφ ∈D⊥ . So ψ − λφ is a constant, and the condition (iii) holds. The proof is complete. 
Proof of Theorem 3. From (3) it follows that
Sφψ − Sφ Sψ = HφRψ .
So the suﬃciency part is clear.
On the other hand, suppose that Sφψ = Sφ Sψ . Then HφRψ = 0. By (7) we have Hφ(τw ⊗ Kw)Rψ = 0 and so(
Hφ(τw)
)⊗ (R∗ψ(Kw))= 0.
Similar to the proof of Theorem 2 we have either φ is analytic in D or ψ ∈D⊥ . This completes the proof. 
Brown and Halmos [4] proved that Toeplitz operators on Hardy space have no zero-divisors, that is, the product of two
Toeplitz operators on the Hardy space can be zero only if one of the Toeplitz operators is zero. Ahern and C˘uc˘kovic˘ [2]
proved this result valid for Bergman space Toeplitz operators with harmonic symbols. In [8], Stroethoff and Zheng proved
that the dual Toeplitz operators on the orthogonal complement of Bergman space also have no zero-divisors. However, it is
not the case in the Dirichlet space setting.
Example. Let two functions φ and ψ in W 1,∞ be given as follows:
φ(z) = |z|2 − 1
4
for |z| 1
2
, and φ(z) = 0 for 1
2
< |z| < 1;
ψ(z) = 0 for |z| 1
2
, and ψ(z) = |z|2 − 1
4
for
1
2
< |z| < 1.
It is easy to see that both φ and ψ are in D⊥ . Then Theorem 2 implies that Sφ Sψ = 0.
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